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$\frac{\partial V_{n}}{\partial x}=V_{n}(J_{n}-J_{n+1})$ , (l.la)
822 1993 163-175
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$V_{n}= \frac{\tau_{n-1^{\mathcal{T}}n+1}}{\tau_{n}^{2}}$ , $J_{n}= \frac{\partial}{\partial x}\log\frac{\tau_{n-1}}{\tau_{n}}$ (1.4)
$\frac{\partial^{2}\tau_{n}}{\partial x\partial y}\tau_{n}-\frac{\partial\tau_{n}}{\partial x}\frac{\partial\tau_{n}}{\partial y}=\tau_{n+1^{\mathcal{T}}n-1}$ (15)
(1.5)
$\tau_{n}=|\begin{array}{llll}f \partial_{x}f \partial_{x}^{n-1}f\partial_{y}f \partial_{x}\partial_{y}f \partial_{x}^{n-1}\partial_{y}f| | \ddots |\partial_{y}^{n-1}f \partial_{x}\partial_{y}^{n-1}f \partial_{x}^{n-1}\partial_{y}^{n-1}f\end{array}|$ (1.6)
$f= \sum_{k=1}^{M+1}f_{k}(x)g_{k}(y)$ (1.7)
$f_{k}(x)$ $g_{k}(y)$ $x$ $y$
(1.6) (15) 4)
$2DTL$ (1.4)






$\tau_{n}=|_{f^{f_{(N)}^{(2)}}}^{f_{n^{n}}^{(...1)}}n$ $f_{n+1}^{(N)}f_{n+1}^{(2)^{1}}f_{n+}^{(1)}$ $f_{n+N-1}^{(N)}f_{n+N-1}^{(2)}f_{n+N-1}^{(1)}|$ (1.9)
$f_{n\text{ }}^{(k)}k=1,$ $\cdots N$
$\partial_{x}f_{n}^{(k)}=-f_{n+1}^{(k)}$ , $\partial_{y}f_{n}^{(k)}=f_{n-1}^{(k)}$ , $k=1,$ $\cdots,$ $N$ (1.10)
(1.8)
$5$ ), $6$ )
$2DTM$ $2DTL$ $Q-$




$\delta_{q^{\alpha},x}V_{n}(x, y)=V_{n}(q^{\alpha}x, y)J_{n}(x, q^{\beta}y)-V_{n}(x, y)J_{n+1}(x, y)$ , (2.1a)
$\delta_{q^{\beta},y}J_{n}(x, y)=V_{n-1}(q^{\alpha}x, y)-V_{n}(x, y)$ , (2.1b)
$V_{0}=V_{M+1}=0$ (2.1c)
$\delta_{q^{\alpha},x\text{ }}\delta_{q^{\beta},y}$
$\delta_{q^{\alpha},x}f(x, y)=\frac{f(x,y)-f(q^{\alpha}x,y)}{(1-q)x}$ , $\delta_{q^{\beta},y}f(x, y)=\frac{f(x,y)-f(x,q^{\beta}y)}{(1-q)y}$ (2.2)
$q$- (2.1)
$J_{n}(x, y)= \frac{1}{(1-q)x}(\frac{\tau_{n-1}(x,y)\tau_{n}(q^{\alpha}x,y)}{\tau_{n-1}(q^{\alpha}x,y)\tau_{n}(x,y)}-1)$ , (2.3a)
$V_{n}(x, y)= \frac{\tau_{n+1}(x,y)\tau_{n-1}(x,q^{\beta}x)}{\tau_{n}(x,y)\tau_{n}(x,q^{\beta}y)}$ (2.3b)
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$\tau_{n}(q^{-\alpha}x, y)=|_{\delta_{q^{\beta},y}^{n^{\beta}-1}f(x,y)}^{\delta_{q,y}f(x,y)}f(x..\cdot’ y)$ $\delta_{q,x^{\alpha}}^{q_{\alpha}^{\alpha}}\delta_{q,y}^{n^{\beta}-1}f(x,y)\delta,\delta_{q.\cdot.’ y}^{x_{\beta}}f(x,y)\delta_{q_{x}},f(x,y)$
$\ldots$
$\delta_{q^{\alpha},x}^{n-1}\delta_{q}^{n^{\beta}-1}f(x,y)\delta_{q^{\alpha}}^{n-1}\delta_{q}^{x_{\beta}}.’ f(x,y)\delta_{q_{x}^{\alpha}}^{n-1}f(x,y):_{y}^{y}|_{xarrow q^{-\alpha}x}$
$=q^{\alpha(n-1)}\cross|_{\delta_{q^{\beta}y}^{n^{\beta}-1}f(x,y)}^{\delta_{q,y}f(x,y)}f_{)}(x..\cdot’ y)$ $\delta_{q^{\alpha},x^{\alpha}}^{q^{\alpha}}\delta_{q,y}^{n^{\beta}-1}f(x,y)\delta\delta_{q.\cdot.’ y}^{x_{\beta}}f(x,y)\delta_{q_{x}},f(x,y)$
$\ldots$
$\delta_{q^{\alpha},x}^{n-1}\grave{\delta}_{qy}^{q,y}f(q^{-\alpha}x,y)\delta_{q^{\alpha}}^{n-1}\overline{\delta}_{n^{\beta}-1}f(q^{-\alpha}x,y)\delta_{q_{x}^{\alpha},x_{\beta}}^{n-1}f_{)}(q^{-\alpha}x, y):.|$ (2. 7)
$k=1$ $N$ $k$ $(k+1)$ $(1-q)x$
$q$- “ $x$
$\delta_{q^{\alpha},x}^{k}f(x, y)|_{xarrow q^{-\alpha}x}=q^{k\alpha}\delta_{q^{\alpha},x}^{k}f(q^{-\alpha}x, y)$ (2.8)
$\tau_{n}(x, q^{-\beta}y)=q^{\beta(n-1)}\cross$
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$|\begin{array}{llll}yf(x,) x\delta_{q^{\alpha}},f(x y) \delta_{q^{\alpha}}^{n-1}\delta_{q^{\beta},y}^{x}f(x,y)\delta_{q_{x}^{\alpha}}^{n-1}f(x,y)y\delta_{q^{\beta}},f(x,y) y\delta_{q^{\alpha}},x\delta q^{\beta},f(x,y) \vdots| | \ddots \vdots\delta_{q^{\beta},y}^{n-1}f(x,q^{-\beta}y) \delta_{q^{\alpha})x}\delta_{q^{\beta},y}^{n-1}f(x,q^{-\beta}y) \delta_{q^{\alpha},x}^{n-1}\hat{\delta}_{q^{\beta},y}^{n-1}f(x,q^{-\beta}y)\end{array}|$ (2.9)
$q^{(\alpha+\beta)n}(1-q)^{2}xy\tau_{n+I}(q^{-\alpha}x, q^{-\beta}y)$
$=|\begin{array}{lllll}f(x,y) \delta_{q^{\alpha},x}^{n-1}f(x y) \delta_{q^{\alpha},x}^{n-1}f(q^{-\alpha}x,y)| \ddots | |\delta_{n^{\beta}-1}^{n-I}f(x,y)\delta_{qy}^{q_{\beta},y}f(x,y) \delta_{q^{\alpha}}^{n-1}\delta_{q^{\beta}}^{x_{n-1}},f^{y}(x,q^{-\beta}\delta_{q_{x}^{\alpha}}^{n-1}\delta_{q_{y}^{\beta}}^{n-1}f(x,y)_{y)} \delta_{q^{\alpha}}^{n-1}\delta_{q^{\beta}}^{x_{n-1}},f^{y}(q^{-}x,q^{-\beta}\delta_{q_{x}^{\alpha}}^{n-1}\delta_{q_{y}^{\beta}}^{n-1}f(q_{\alpha^{-\alpha}}x,y)_{y)}\end{array}|$ (2.10)
$\tau_{n}(q^{-\alpha}x, q^{-\beta}y)\tau_{n}(x, y)-\tau_{n}(q^{-\alpha}x, y)\tau_{n}(x, q^{-\beta}y)$
$=q^{-(\alpha+\beta)}(1-q)^{2}xy\tau_{n+1}(q^{-\alpha}x, q^{-\beta}y)\tau_{n-1}(x, y)$ (2.11)
(2.4) $x$ $q^{-\alpha_{X}}$ $y$ $q^{-\beta}y$
(2.5) (2.4)
q-2DTM (2.4)





$|\begin{array}{lll}f(r)(r\delta_{q,r})f(r)\uparrow\delta_{q)r}f_{2}(r) (r_{7}\delta_{q},,)_{r^{n-1}}f(r)(\backslash \delta_{q^{\Gamma}})^{n}f(r)r\delta_{q,r}f(r)\vdots \ddots ||(r\delta_{q,r})^{n-1}f(r)(r\delta_{q)r})^{n}f(r) (r\overline{\delta}_{q,r})^{2n-2}f(r)\end{array}|$ (2.14)
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(2.13) $qarrow 1$ cylindrical $(cTM)$ 7)
$( \frac{1}{r}\frac{\partial}{\partial r}+\frac{\partial^{2}}{\partial r^{2}})\tau_{n}(r)\cdot\tau_{n}(r)-\{\frac{\partial\tau_{n}(r)}{\partial r}\}^{2}=\tau_{n+1}(r)\tau_{n-1}(7^{\cdot})$ (2.15)
(2.15) q-cTM (2.15)
$V_{n}(r)= \frac{\tau_{n-1}(qr)\tau_{n+I}(r)}{\tau_{n}(r)\tau_{n}(qr)}$ , (2.16a)
$J_{n}(r)= \frac{1}{(1-q)x}(\frac{\tau_{n}(qr)\tau_{n-1}(r)}{\tau_{n}(r)\tau_{n-1}(qr)}-1)$ (2.16b)
$(q \delta_{q,r}+\frac{1}{r})J_{n}(r)=V_{n}(r)-V_{n-1}(qr)$ , (2.17a)
$\delta_{q_{7}},\cdot V_{n}(r)=qJ_{n}(qr)V_{n}(qr)-J_{n+I}(r)V_{n}(r)$ (2.17b)
2.2 B\"acklund Lax pair
q-2DTM B\"acklund
$\delta_{q^{\beta},y}\tau_{n}(x, y)\cdot\tau_{n}’(x, y)-\tau_{n}(x, y)\delta_{q^{\beta},y}\tau_{n}’(x, y)$
$=-\tau_{n+1}(x, y)\tau_{n-1}’(x, q^{\beta}y)$ , (2.18a)
$\delta_{q^{\alpha},x}\tau_{n}(x, y)\cdot\tau_{n-1}’(x, y)-\tau_{n}(x, y)\delta_{q^{\alpha},x}\tau_{n-1}’(x, y)$
$=\tau_{n-1}(q^{\alpha}x, y)\tau_{n}’(x, y)$ (2.18b)
(2.18) q-2DTM
$\tau_{n}(x, y)=|\begin{array}{llllll}f(x y)\delta_{q^{\alpha}} xf(x y) \delta_{q^{\alpha}}^{n-1}\delta_{q,y}^{x_{\beta}}f(x,y)\delta_{q_{x}^{\alpha}}^{n-1}f(x,y)y\delta_{q^{\beta}},f(x,y) \delta_{q^{\alpha}} yx\delta q^{\beta},f(x,y) \vdots| | \ddots \vdots\delta_{q^{\beta},y}^{n-1}f(x,y) \overline{\delta}_{q^{\alpha}} x\delta_{q^{\beta},y}^{n-1}f(x,y) \overline{\delta}_{q^{\alpha},x}^{n-I}\overline{\delta}_{q^{\beta},y}^{n-1}f(x,y)\end{array}|$ (2.19)
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$\tau_{n}’(x, y)=|\begin{array}{llllll}\delta_{q^{\alpha}} xf(x \delta_{q^{\alpha},x}^{2}y)\delta_{q,y}^{x_{\beta}}f(x,y)\delta_{q^{\alpha}}^{2},f(x,y) \delta_{q,x}^{n_{\alpha}}\delta_{q,y}^{x_{\beta}}f(x,y)\delta_{q}^{n_{\alpha}},f(x,y)x\overline{\delta}_{q^{\alpha}}\delta_{q^{\beta}} yf(x,y) \vdots \ddots \vdots | \vdots \ddots \vdots\delta_{q^{\alpha}} x\delta_{q^{\beta},y}^{n-1}f(x,y) x\delta_{q^{\beta},y}^{n-1}f(x,y) \delta_{q^{\alpha}}^{2} x\delta_{q}^{n_{\alpha}},\delta_{q^{\beta},y}^{n-1}f(x,y)\end{array}|$ (2.20)
(2.18) (2.19) (2.20)
(2.18b)
$\tau_{n}(x, y)=|0,1,$ $\cdots,$ $n-1|$ , (2.21)
$\tau_{n}’(x, y)=|1,2,$ $\cdots,$ $n|$ . (2.22)
”k))
$k’=(\begin{array}{ll}\delta_{q^{\alpha}}^{k} yxf(x,)\delta_{q^{\alpha},x}^{k}\delta_{q^{\beta}} yf(x,y) |\delta_{q^{\alpha}}^{k} x\delta_{q^{\beta},y}^{n-1}f(x,y)\end{array})\}n$ (2.23)
$\tau_{n-1}(x, y)=|0,1,$ $\cdots,$ $n-1,$ $\phi|$ , (2.24)
$q^{-(n-1)\alpha}\tau_{n}(q^{-\alpha}x, y)=|0,1,$
$\cdots,$ $n-2$ , $n-1_{qx}-\alpha|$ , (2.25)
$q^{-(n-1)\alpha}\tau_{n-1}’(q^{-\alpha}x, y)=|1,2,$
$\cdots,$ $n-2,$ $n-1_{q^{-\alpha}x},$ $\phi|$ , (2.26)
$q^{-n\alpha}(1-q)x\tau_{n}’(q^{-\alpha}x, y)=|1,2,$ $\cdots\uparrow?-1,$ $n-1_{qx}-\alpha|$ (2.27)
$\phi$ $n-1_{qx}-\alpha$
$\phi=(\begin{array}{l}0|01\end{array})\}n$ , $n-1_{q^{-\alpha}x},$ $=(\begin{array}{l}\delta_{q^{\alpha}}^{n-1}\delta_{q,y}^{x_{\beta}}f(q^{-\alpha}x,y)\hat{\delta}_{q_{x}^{\alpha}}^{n-1}f(q^{-\alpha}x,y)|\delta_{q^{\alpha},x}^{n-1}\delta_{q^{\beta},y}^{n-1}f(q^{-\alpha}x,y)\end{array})$ (2.28)
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$2n\cross 2n$
$0=|^{_{1_{1}}}|^{}---------------------------------- \mathfrak{l}^{}|$ . (2.29)
$0=|0,1,$ $\cdots,$ $n-2$ , $n-1_{q^{-\alpha}x}||1,$ $\cdots,$ $n-2,$ $n-1,$ $\phi|$
$-|0,1,$ $\cdots,$ $n-2,$ $n-1||1,$ $\cdots,$ $n-2,$ $n-1_{q}-\alpha\phi|$ (2.30)
$+|1,$ $\cdots,$ $n-2,$ $n-1,$ $n-1_{qx}-\alpha||0,1,$ $\cdots,$ $n-2,$ $\phi|$
(2.21) $(2.22)$ $(2.24- 27)$
$\tau_{n}(q^{-\alpha}x, y)\tau_{n-1}’(x, y)-\tau_{n}(x, y)\tau_{n-1}’(q^{-\alpha}x, y)$
$=q^{-\alpha}(1-q)x\tau_{n-1}(x, y)\tau_{n}’(q^{-\alpha}x, y)$ (2.31)
(2.18b) $x$ $q^{-\alpha_{X}}$
(2.18a)
B\"acklund Lax pair Hirota 8)
$\tau_{n}’(x, y)=\tau_{n}(x, y)\psi_{n+1}(x, y)$ (2.32)
B\"acklund (2.18)
$\delta_{q^{\beta},y}\psi_{n+1}(x, y)=V_{n}(x, y)\psi_{n}(x, q^{\beta}y)$ , (2.33a)
$\delta_{q^{\alpha},x}\psi_{n}(x, y)=-J_{n}(x, y)\psi_{n}(x, y)-\psi_{n+1}(x, y)$ (2.33b)
‘
$L(x, y)=(\begin{array}{llll}0 V_{1}(x,y) 0 0 \ddots \ddots 0 V_{M}(x.y) 0\end{array})$ (2.34)
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$R(x, y)=-(^{J_{I}(x,y)1}0J_{2}(x, y)J_{M(x,y)}^{1...\cdot 0_{+1}})$ (2.35)
(2.33)
$\delta_{q^{\beta},y}\Psi(x, y)=L(x, y)\Psi(x, q^{\beta}y)$ , $\delta_{q^{\alpha},x}\Psi(x, y)=R(x, y)\Psi(x, y)$ (2.36)
$\Psi(x, y)=(\begin{array}{l}\psi_{1}(x,y)|\psi_{M+1}(x,y)\end{array})$ (2.37)
$(2.34)$ $(2.36)$ Lax pair (2.36)




$\delta_{q^{\alpha},x}V_{n}(x, y)=J_{n}(x, y)V_{n}(q^{\alpha}x, y)-J_{n+1}(x, y)V_{n}(x, y)$ , (3.1a)
$\delta_{q^{\beta},y}J_{n}(x, y)=V_{n-1}(q^{\alpha}x, y)-q^{\beta}V_{n}(x, q^{\beta}y)$ (3.1b)
(3.1)
$V_{n}(x, y)= \frac{\tau_{n+1}(q^{\alpha}x,y)\tau_{n-1}(x,q^{\beta}y)}{\tau_{n}(x,q^{\beta}y)\tau_{n}(x,- y)}$ , (3.2a)
$J_{n}(x, y)= \frac{1}{(1-q)x}\{\{1+(1-q)^{2}xy\}\frac{\tau_{n}(q^{\alpha}x,y)\tau_{n-1}(x,y)}{\tau_{n}(x,q^{\beta}y)\tau_{n-1}(q^{\alpha}x,y)}-1\}$ (3.2b)
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$\{\delta_{q^{\alpha},x}\delta_{q^{\beta},y}\tau_{n}(x, y)\}\tau_{n}(x, y)-\{\delta_{q^{\alpha},x}\tau_{n}(x, y)\}\{\delta_{q^{\beta},y}\tau_{n}(x, y)\}$
$=\tau_{n+1}(x, q^{\beta}y)\tau_{n-1}(q^{\alpha}x, y)-\tau_{n}(q^{\alpha}x, q^{\beta}y)\tau_{n}(x, y)$ (3.3)
$\tau_{n}(x, y)=|\begin{array}{lll}f_{n}^{(1)}(x,y) f_{n+1}^{(1)}(x,y)f_{n+1}^{(2)}(x,y) f_{(2)}^{(1)}(x,y)f_{n+N-1}^{n+N-1}(x,y)f_{n}^{(2)}(x,y) \vdots \vdots| \vdots \vdots f_{n}^{(N)}(x,y) f_{n+1}^{(N)}(x,y) f_{n+N-1}^{(N)}(x,y)\end{array}|$ (3.4)
9) $f_{n}^{(k)}$ . $k=1,$ $\cdots,$ $N$
$\delta_{q^{\alpha},x}f_{n}^{(k)}(x, y)=-f_{n+1}^{(k)}(x, y)$ , $\delta_{q^{\beta},y}f_{n}^{(k)}(x, y)=f_{n-1}^{(k)}(x, y)$ , $k=1,$ $\cdots,$ $N$ (3.5)
$(3.4)$ $(3.5)$ q-2DTL (3.3) 2.1




$\tau_{n}(q^{-\alpha}x, y)=|0_{q^{-\alpha}x},$ $1_{q^{-\alpha}x},$ $\cdots N-1_{q^{-\alpha}x}|$
$=|0,$ $\cdots,$ $N-2,$ $N-1_{qx}-\alpha|$ , (3.9)
$-(1-q)q^{-\alpha}x\tau_{n}(q^{-\alpha}x, y)=|0,$ $\cdots,$ $N-2,$ $N-2_{q^{-\alpha}x}|$ , (3.10)
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$\tau_{n}(x, q^{-\beta}y)=|0_{qy}-\beta 1,$
$\cdots,$ $N-1|$ , (3.11)
$(1-q)q^{-\beta}y\tau_{n}(x, q^{-\beta}y)=|1_{qy}-\beta 1,$
$\cdots,$ $N-1|$ , (3.12)





$\{1+(1-q)^{2}q^{-(\alpha+\beta)}xy\}\tau_{n}(q^{-\alpha}x, q^{-\beta}y)\tau_{n}(x, y)-\tau_{n}(q^{-\alpha}x, y)\tau_{n}(x, q^{-\beta}y)$
$+(1-q)q^{-\alpha}x\tau_{n+1}(q^{-\alpha}x, y)(1-q)q^{-\beta}y\tau_{n-1}(x, q^{-\beta}y)=0$ (3.16)





$qarrow 1$ cylindrical $(cTL)$ 10)
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$\{(\frac{1}{r}\frac{\partial}{\partial r}+\frac{\partial^{2}}{\partial r^{2}})\tau_{n}(r)\}\tau_{n}(\uparrow)-\{\frac{\partial}{\partial r}\tau_{n}(r)\}^{2}=\tau_{n+1}(r)\tau_{n-1}(r)-\tau_{n}(r)^{2}$ (3.18)
(3.17) q-cTL $cTL$ (3.18)
$5$ ), $10$ )
(3.17) q-2DTL (3.4) (3.5) (2.12)
$p_{k}$
$f_{n}^{(k)}(x, y)=( \frac{y}{x})^{(n+p_{k})/2}\phi_{n+p_{k}}(r)$ (3.19)
(3.3) ( $\alpha=\beta=2$ ) $\phi_{n+p_{k}}(r)$





(3.20) $(3.21)$ q- $\tau_{n}(x, y)$
$x^{c_{1}n+c_{2}}y^{c_{3}n+c_{4}}\tau_{n}(x, y)$ q-2DTL
$\tau_{n}(r)=|\begin{array}{lll}J_{q^{)},n+^{P\iota}}(r)J^{qn+_{p_{2}}}(r) J_{q,n+p_{1}+1}(r) J_{q,n+p_{1}+N-1}(r)\vdots J_{q,n+p_{2}+1}(r) J_{q,n+p_{2}+N-1}(r)\vdots | |J_{q,n+p_{N}}(r) J_{q,n+p_{N}+1}(r) J_{q,n+p_{N}+N-1}(r)\end{array}|$ (3.23)











P3 \mbox{\boldmath $\tau$} $cTM$ \mbox{\boldmath $\tau$} q-cTM
q-P3
$12$ ), $13$ )
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